3 He-B externally pumped quantized spin-wave excitations or magnons spontaneously form a Bose-Einstein condensate in a 3-dimensional trap created with the order-parameter texture and a shallow minimum in the polarizing field. The condensation is manifested by coherent precession of the magnetization with a common frequency in a large volume. The trap shape is controlled by the profile of the applied magnetic field and by the condensate itself via the spin-orbit interaction. The trapping potential can be experimentally determined with the spectroscopy of the magnon levels in the trap. We have measured the decay of the ground state condensates after switching off the pumping in the temperature range (0.14 ÷ 0.2)T c . Two contributions to the relaxation are identified: (1) spin diffusion with the diffusion coefficient proportional to the density of thermal quasiparticles and (2) the approximately temperature-independent radiation damping caused by the losses in the NMR pick-up circuit. The measured dependence of the relaxation on the shape of the trapping potential is in a good agreement with our calculations based on the magnetic field profile and the magnon-modified texture. Our values for the spin diffusion coefficient at low temperatures agree with the theoretical prediction and earlier measurements at temperatures above 0.5T c .
Introduction
One of the interesting recent developments in condensed-matter physics is the extension of the concept of Bose-Einstein condensation to bosonic quasiparticles in solid-state and liquid systems [1, 2] . This concept is applicable to systems of pumped quasiparticles if the partial equilibrium within such a system with an approximately constant number of quasiparticles is reached faster than the full thermodynamic equilibrium, where the quasiparticle number is not conserved. By pumping, the quasiparticle number can be kept close to constant and the system stays in a dynamic steady state. Alternatively, one can study slowly decaying condensates after the pumping is stopped, which is similar to the case of a condensate of cold atoms in an optical trap where the particle number continuously decreases due to evaporation and recombination processes. Bose-Einstein condensation of quasiparticles has been demonstrated for magnons in various systems [3, 4, 5] , for excitonpolaritons [6] , and even for photons [7] .
In superfluid 3 He-B magnons are pumped using NMR techniques and their condensation is manifested by spontaneous long-lived coherent precession of the magnetization in an external magnetic field. At temperatures above 0.4T c the condensate emerges as a so called homogeneously precessing domain (HPD) [8, 9] . In the HPD the uniformly precessing magnetization is deflected from the magnetic field by an angle exceeding 104
• . The domain typically occupies a large fraction of the sample volume bounded by the walls of the container. If part of the sample is not involved in the precession, it is separated from the HPD by a relatively thin boundary where the tipping angle of magnetization rapidly changes. In the absence of pumping the HPD decays owing to the Leggett-Takagi relaxation originating from the coupling of spins of the normal and superfluid components, and owing to the spin diffusion through the boundary [10] . Additionally, at temperatures below about 0.4T c the HPD experiences highly accelerated decay known as "catastrophic relaxation" owing to the Suhl type instability [11] .
At even lower temperatures, below about 0.3T c , another type of magnon BEC, the so-called trapped condensate, is observed in 3 He-B [12, 3] . In this case magnons are confined to a 3-dimensional trap formed by the combined effect of the spin-orbit interaction in a spatially inhomogeneous texture of the order-parameter orbital anisotropy axis and the minimum of the Zeeman energy in the applied magnetic field, Fig. 1 . Such traps can be prepared within bulk 3 He-B far from walls. The magnon density in such condensates can be much smaller than in the HPD resulting in tipping angles of the magnetization β M ∼ 1
• ÷ 10 • or less. Also there is no sharp boundary of the condensate, but β M decreases gradually from the center of the trap as prescribed by an appropriate eigenstate wave function in the trap.
At temperatures where the trapped magnon condensates are observed, Leggett-Takagi relaxation becomes negligible and spin diffusion was identified as the main mechanism responsible for the temperature dependence of the relaxation of such condensates [13] . As the density of the normal component rapidly decreases with decreasing temperature, the lifetime of the condensates increases and can exceed half an hour in the case when the con-densate is well isolated from the walls [14] . Eventually, the lifetime is limited by an approximately temperature-independent relaxation process [13] which has not been identified before this work.
One of the characteristic features of the condensates in the magnetotextural trap comes from the fact that the order-parameter texture is not perfectly rigid and can be modified in the presence of the precessing spin owing to the spin-orbit interaction, i.e., magnons affect their trapping potential. This "self-trapping" property has many interesting consequences [15, 16] . In particular, it explains why the frequency of the precession in the condensate increases during relaxation. However, simultaneously this makes the analysis of the relaxation processes more complicated. In this report we present measurements on the relaxation of the magnon condensates at relatively low density, β M 5
• , where the back reaction on the texture is small. In this case the relaxation of the transverse magnetization M ⊥ is perfectly exponential
The temperature dependence of the relaxation time constant τ M confirms the contributions from spin diffusion together with a temperatureindependent relaxation mechanism. With the spectroscopy of the ground and excited magnon levels in the trap we determine accurately the trapping potential and the corresponding condensate wave functions, which allows us to calculate values of the spin diffusion coefficient from the measured τ M . The results are in a good agreement with D. Einzel's theory [17] which earlier was favorably compared with measurements of spin diffusion at higher temperatures using HPD [10] .
Our measurements on the relaxation as a function of the precession frequency show that the main source for the temperature-independent contribution to the relaxation is radiation damping [18] : The precessing magnetization of the condensate induces a current in the NMR pick-up coil which leads to dissipation in the active impedance of the measuring electric circuit. When the trapping potential is modified, the condensate spatial extent changes. This affects dissipation both due to spin diffusion and radiation damping. Our calculations of the combined effect are in a good agreement with the observed dependence of the relaxation on the profile of the applied magnetic field.
Experimental setup
The superfluid 3 He-B sample fills a 15 cm long cylindrical container made from fused quartz, Fig. 1 . The center of the magnet system used for these measurements is placed at 10 mm from the upper wall of the cylinder. The static magnetic field of about 26 mT for the NMR measurements is oriented along the axis of the cylinder and has an inhomogeneity ∆H/H ≈ 4 · 10 −4 . An additional pinch coil creates the field in the opposite direction to that of the main solenoid and thus the total field has a minimum in the axial direction. The depth of the minimum can be controlled in the range 0-1 mT by changing the current I min in the pinch coil in the range 0-4 A. The NMR pick-up coil has two sections wound from copper wire and is part of a tank circuit tuned to 826 kHz frequency with a Q value of about 130. The same coil is used to pump magnons. Temperature is measured using a quartz tuning fork thermometer [19] installed inside the sample tube approximately 20 mm above its lower end, which opens to the liquid 3 He volume with the sintered heat exchanger on the nuclear cooling stage. As the scattering of thermal quasiparticles from the sample walls is probably diffusive and there is a heat leak to the sample of the order of 12 pW [20] , some temperature difference is expected along the cylinder from the NMR spectrometer to the thermometer fork. However, this possible temperature difference is small and does not affect the interpretation of results, as discussed below.
The magnetic part of the trapping potential is due to the Zeeman energy
where ω L (r, z) = γH(r, z) is the local Larmor frequency 5 in the magnetic field H(r, z), γ is the absolute value of the gyromagnetic ratio, Ψ is the wave function of the magnon condensate, and the magnon density is |Ψ | 2 = (S − S z )/ = (χH/γ )(1 − cos β M ). Here S = χH/γ is the equilibrium spin density, χ is the magnetic susceptibility of the B phase, and the magnon density is characterized in terms of the tipping angle of magnetization β M : S z = S cos β M . As shown by the profiles of the potential in Fig. 1 , our coil system produces an approximately quadratic minimum of the Zeeman energy in the axial direction and an approximately quadratic maximum in the radial direction.
The textural part of the trapping potential comes from the spin-orbit interaction energy [2] 
Here we omitted terms quadratic in magnon density. The strength of the spinorbit interaction is characterized by the Leggett frequency Ω B . The spatial dependence comes from the variation of the angle β l between the orbital anisotropy axisl and the magnetic field. In a cylindrical sample in the axial magnetic field the texture ofl usually takes an axially-symmetric flare-out form, so that β l = 0 at the axis and grows to β l = π/2 at the cylindrical wall. According to Eq. (1) this results in a minimum of the spin-orbit energy in the radial direction, which is approximately quadratic at the bottom, as β l close to the axis changes linearly with distance r from the axis. The total confinement potential is the sum of the Zeeman and spin-orbit interaction energies. Close to the center of the trap it turns out to be nearly harmonic, and thus the spectrum of standing spin waves becomes the familiar spectrum of eigenstates in an axially symmetric harmonic trap [21] ω n φ nr nz = ω L (r = 0, z = 0) + ω r (|n φ | + n r + 1) + ω z (n z + 1/2), (2) where n φ , n r and n z are azimuthal, radial and axial quantum numbers, respectively. Their allowed values are:
In Eq. (2) ω r and ω z are the radial and axial oscillator (or trapping) frequencies, respectively. By measuring the current induced in the NMR pickup coil we actually measure the transverse magnetization of the sample, M ⊥ = χH sin β M (r, z)dV . Thus we can observe states only with the azimuthal number n φ = 0 because of the antisymmetricity of the magnon wave function and β M for other values of n φ . For the same reason only states with even axial number n z are seen. Thus the spectrum of the lowest-lying magnon states in our trap is
with even n r and n z . Note that for these symmetric states
where N m is the number of magnons in the trap and V m is the volume occupied by the condensate.
Pumping of magnons with continuous-wave (cw) or pulsed NMR techniques is usually coherent, since the frequency of rf pumping, ω rf , fixes the magnon chemical potential, and the orientation of the rf field sets the phase of the precession of the magnetization. As the magnons in the trap relax towards the ground state (and lower precession frequencies), this coherence is lost, though, and the ground-state condensate develops spontaneously coherent precession at the frequency ω 00 < ω rf with the phase of its precession unrelated to that of the rf excitation field [22, 16] . This remarkable feature of Bose-Einstein condensation has also been demonstrated using incoherent pumping with white noise [23] .
Thus, observation of the ground-state magnon BEC is reasonably straightforward when a proper 3-dimensional trap is created and the temperature is sufficiently low to increase the lifetime of the condensate. Pumping then has to be applied at a frequency above ω 00 either as a spectrally wide pulse or, if using narrow-band cw-NMR excitation, it has to coincide with one of the excited levels ω nrnz in the trap. The response is then measured at ω 00 frequency. The off-resonant excitation is practical since it allows to separate the frequencies of excitation and measurement and to use the same NMR coil for both purposes without interference.
To determine the frequencies ω nrnz of all excited levels accurately, a special approach should be used. We rely on the experimental observation (which remains so far unexplained) that for the off-resonant excitation to be effective some excitation threshold should be overcome. In the experiment we decrease the amplitude of rf pumping until we notice that magnons pumped to the excited levels do not relax to the ground level. Then the frequency ω rf of the cw pumping can be swept to determine the positions of all levels. An example of such a measurement is presented in Fig. 2 . In the main panel the amplitude of the Fourier spectrum of the signal from the NMR coil is shown as a function of time. The diagonal line represents the frequency sweep of the NMR excitation. When it crosses the frequencies of the magnon levels, the corresponding precessing signals are excited as shown by the decaying vertical traces. In this example, the precession frequencies of the condensates do not change during the decay since the magnon density is so small from the start that the self-modification of the textural potential is negligible.
The magnons on the excited levels of the trap demonstrate spontaneously coherent precession, characteristic for the BEC: The precession frequency during the decay is not related to the rf pumping frequency, which is continuously changing, and the decay time of several seconds significantly exceeds the decoherence time of linear NMR, which in our conditions is less than 3 ms. This is another demonstration of the excited-level BEC discussed in Ref. [16] .
More standard cw-NMR spectra of standing spin waves can be measured with the detection locked to the excitation frequency, see inset in Fig. 2 . A small enough pumping amplitude and a sweep towards higher frequencies, unlike in Refs. [16, 24] , are used to avoid off-resonant excitation and a large non-linear signal due to the phenomenon of self-trapping. Thus the frequen- cies of the maxima in the absorption signal provide a good measure of the magnon levels ω nrnz . All the radial states up to the limit put by the Leggett frequency Ω B in Eq. (1) can be observed. It should be noted that such traditional cw-NMR measurements have limited use in the studies of the trapped magnon condensates since they cannot provide information about the offresonant excitation or the long lifetime of the different condensate states.
A few of the lowest magnon energy levels are plotted as a function of the current in the minimum coil I min in Fig. 3 . These follow reasonably well the harmonic approximation Eq. (4) with ω z ∝ √ I min and ω r decreasing approximately linearly with I min . These dependences are expected for the axial minimum of the Zeeman energy with the depth proportional to I min and the radial maximum of the Zeeman energy which adds to a deeper radial minimum of the textural energy, see Fig. 1 . The textural energy itself does not change substantially due to the small change of the static field provided by the pinch coil. In most of the experimental range ω z < ω r , i.e., the condensate droplet is elongated in the axial direction. As the quantum numbers get larger, the harmonic approximation breaks, because such states probe the texture with larger β l closer to the wall where sin β l is no more proportional to r, and because of the anharmonicity of the field profile at larger distances from the center of the trap.
In Fig. 3 we compare the measured level frequencies with the calculations beyond the harmonic approximation. The solid lines represent the solution of the eigenvalue problem in the realistic model of the 3D trapping potential. In this model we calculate the textural part of the potential using the methods of Refs. [25, 26] without fitting parameters. The magnetic part of the potential is calculated from the geometry of the solenoidal superconducting coils with an extra fitting parameter for the screening of the magnetic field by the superconducting parts of the setup. The agreement between calculations and experiment in Fig. 3 is reasonably good, and the same model of the magnetic field properly describes also the shape of the NMR response in normal 3 He. In the next section we use the shape of the ground-state wave function in the model potential to analyze quantitatively the measurements of the relaxation of the ground-state condensate.
Relaxation measurements
After the magnon condensate is created with cw or pulsed NMR and pumping is turned off, the condensate decays. When the off-resonant excitation with sufficiently large pumping amplitude is used, then, unlike in Fig. 2 , magnons from the excited levels in the trap quickly relax to the ground state, which becomes the only precessing signal living for a long time. We measure the frequency f m (t) = ω 00 /2π and amplitude A m (t) of the signal in the pick-up coil induced by the precessing magnetization of the decaying condensate using Fourier transformation. An example of such a measurement is shown in Fig. 4a . The final part of the decay is nicely exponential:
increases while the number of magnons in the trap N m decreases as a result of the modification of the textural trapping potential by magnons which leads to dω r /dN m < 0 [16] . The amplitude A m depends both on the transverse magnetization of the condensate M ⊥ and its geometrical shape. However, in the final part of the decay when the textural potential has its final form [27] , and this explains why in the measurements τ freq is roughly half of τ M .
The measured temperature dependence of the relaxation rate 1/τ M is plotted in Fig. 4b . The horizontal axis shows the width of the resonance of the thermometer fork. This is to emphasize that the relaxation rate is an approximately linear function of the density of thermal quasiparticles. A similar dependence was observed earlier in Ref. [13] , where it was connected to the temperature dependence of the spin diffusion relaxation mechanism. The spin diffusion coefficient quickly decreases with temperature at low temperatures owing to the Leggett-Rice effect [28] . Fig. 4b also demonstrates that the extrapolation of relaxation to zero temperature (i.e. close to zero fork width) results in a finite value. This is also consistent with Ref. [13] where an approximately temperature-independent relaxation mechanism was found, in addition to spin diffusion. With a good knowledge of the magnon condensate density profile we can extract values for the diffusion coefficient from the measurements of the relaxation rate. Before that, however, we proceed to the identification of the temperature-independent relaxation mechanism.
The main assumption in the following considerations is that the decay of the condensate is relatively slow, so that the superfluid spin currents within the condensate always support it in a quasi-equilibrium state. That is, for a given number of magnons N m in the condensate we calculate its wave function and self-consistent trapping potential regarding the condensate as stationary, as in Ref. [27] . This results in well-defined dependences for the total energy of the condensate E(N m ) and its transverse magnetization M ⊥ (N m ). Additionally, since the spin-orbit interaction energy is about four orders of magnitude smaller than the Zeeman energy in our conditions, we assume that E = F Z dV . to which the fork is sensitive. Such temperature dependence is explained by spin diffusion, while the extrapolated finite zero-temperature relaxation is caused by radiation damping. (c) Dependence of the relaxation rate on the precession frequency (circles) shows the effect of the T -independent radiation damping at Imin = 0.25 A. The solid line is a fit to the square of the Lorentzian response curve of the NMR pick-up resonance circuit, where the height of the peak determines the value of the radiation damping and the offset in the wings is due to the spin diffusion at the temperature of the measurement.
Radiation damping. A measurement of the relaxation rate as a function of the precession frequency ω 00 reveals a dependence similar to the resonant response of the NMR tank circuit, Fig. 4c . Here the frequency ω 00 is controlled by changing ω L with the external magnetic field. Such frequency dependence is explained by the relaxation mechanism known as the radiation damping [18] 
where V s is the induced voltage on the pick-up coil due to the precessing magnetization and R is the active impedance of the resonance circuit. Expressing E via M ⊥ as noted above we get from Eq. (5) the relaxation of 11 magnetization with the rate
Since
⊥ the rate is approximately M ⊥ -independent, i.e., the relaxation is exponential. It should be noted that the radiation damping increases with the increase of the quality factor Q ∝ 1/R of the tank circuit. The magnetic flux through the pick-up coil, and thus the induced voltage V s , depends on the profile of the magnon density in the condensate, but since the trapping potential is almost T -independent in the studied temperature range the radiation damping is also temperatureindependent.
The frequency dependence of V s induced in the tank circuit by a given alternating flux through the coil follows the standard Lorentzian response. Experimentally the radiation damping can be determined as a difference in relaxation rate between the maximum and the wings in Fig. 4c . This value is plotted in Fig. 4b by the horizontal dashed line. As one can see, the radiation damping explains an essential part of the zero-temperature damping of the magnon BEC. The conclusion whether actually all the damping is explained in this way depends on the precise knowledge of the zero-temperature (or intrinsic) width of the thermometer fork, ∆f i f . Unfortunately, this value is not known with sufficient precision, and thus is not taken into account in Fig. 4 . On the two cool-downs of the cryostat during the course of these measurements the width of the fork resonance in vacuum was measured as 12 and 17 mHz at T = 12 − 13 mK, while the extrapolation of the 1/τ M temperature dependence in Fig. 4b reaches 1/τ RD value at the fork width of (9 ± 4) mHz. This is consistent with the measured value ∆f i f = 12 mHz thus leaving no indications for additional damping mechanisms at zero temperature. If ∆f i f = 17 mHz, then the unexplained zero-temperature damping of the magnon BEC would amount to about 25% of the observed radiation damping.
We might also note that no saturation is seen in the temperature dependence of relaxation at the lowest temperatures in Fig. 4b . This means that the temperature gradient along the sample column is sufficiently small and does not result in effects larger than the scatter in the measurements. The residual temperature difference between the thermometer and the NMR volume can be considered as a contribution to the uncertainty in ∆f i f . The spin diffusion contribution to the relaxation of the condensate is expressed as [29, 30] 
where D is the transverse component of the spin-diffusion tensor and indices i and j correspond to spin components in the cartesian coordinates. The brackets denote averaging over the volume. The spin components can be expressed via the condensate wave function, and assuming its phase to be The temperature dependence of the spin diffusion coefficient. Values extracted from the measurements in Fig. 4 at Imin = 0.25 A (red circles) and from similar measurements at P = 15.5 bar and Imin = 2 A (blue circles) are compared to the theoretical prediction [17] (lines) and to the measurements at higher temperatures [10] (squares). Note that the measurements are done at different frequencies while, according to the theory, D is approximately inversely proportional to fL [17] .
spatially uniform we arrive to the expression for the relaxation rate of the magnetization
We use this expression to fit the relaxation data in Fig. 4b using D as a fitting parameter. We account only for the spin-diffusion and radiation-damping contributions to the relaxation, i.e., express τ
RD , and thus selfconsistently take ∆f i f = 9 mHz in the temperature calibration. In calculating β M (r, z) and dE/dM ⊥ in Eq. (8) we use self-consistent calculations of the textural trapping potential and the wave functions. The texture modification by the condensate is relatively small, and the calculated relaxation rate is approximately independent of M ⊥ . This is in agreement with the experiments.
The results for the temperature dependence of the diffusion coefficient are shown in the right panel of Fig. 5 . The expected nearly-exponential decrease of D at the lowest temperatures is observed. The measurements are compared to the theoretical prediction from Eq. (108) in Ref. [17] . In evaluating this expression we take the Fermi liquid parameters from Ref. [31] , and we use the weak-coupling plus gap [32] . As in Ref. [17] , we approximate the order-parametern vector to be oriented uniformly along the field direction. In principle this is not strictly valid for the trapped magnon BEC, but in Eq. (7) the main contribution comes from the condensate region where the deflection angle ofn from the magnetic field is below 15
• , so we consider this assumption to be reasonable. Overall, we consider the agreement between the measurements and the theoretical value of D as good, given that the theoretical expression has no fitting parameters.
Dependence of relaxation on the trapping potential. Both the spin diffusion and the radiation damping depend on the magnon condensate wave function. When the axial confinement of the condensate increases with increasing I min , spin diffusion increases due to the increase in the gradients of the spin. Simultaneously, radiation damping decreases due to the reductions in the spatial extent of the condensate and the effective filling factor for the NMR pick-up. The combined effect is measured in the left panel of Fig. 5 . It is in a reasonable agreement with our calculations of the respective changes in the damping.
Conclusions
We have studied the relaxation of trapped Bose-Einstein condensates of magnons in superfluid 3 He-B at temperatures below 0.2T c . For the first time the temperature-independent relaxation mechanism from radiation damping is identified. The measurements of the relaxation from spin diffusion allow us to determine reliably the spin diffusion coefficient D at the lowest temperatures.
The measured values of D agree well with the theoretical prediction and the earlier measurements at higher temperatures. We have demonstrated the dependence of the relaxation on the shape of the trapping potential which is important for a proper analysis of the relaxation in the regime of large magnon density, where the self-modification of the trapping potential results in non-exponential effects. The achieved understanding of the relaxation of the magnon condensates in bulk 3 He-B provides a firm basis for studying relaxation effects originating from exotic fermion bound states at the surfaces of 3 He-B [33] or in the cores of quantized vortices [34] .
